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Abstract
A graph is called integral if all its eigenvalues (of the adjacency matrix) are integers. In this paper, the graphs K1,r •Kn , r ∗Kn ,
K1,r • Km,n , r ∗ Km,n and the tree K1,s • T (q, r,m, t) are defined. We determine the characteristic polynomials of these graphs
and also obtain sufficient and necessary conditions for these graphs to be integral. Some sufficient conditions are found by using
the number theory and computer search. All these classes are infinite. Some new results which treat interrelations between integral
trees of various diameters are also found. The discovery of these integral graphs is a new contribution to the search of such graphs.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The notion of integral graphs was first introduced by Harary and Schwenk in 1974 [10]. A graph G is called
integral if all eigenvalues of the characteristic polynomial P(G, x) are integers. In general, the problem of
characterizing integral graphs seems to be very difficult. Thus, it makes sense to restrict our investigations to
some interesting families of graphs, for instance, cubic graphs [4,21], complete r -partite graphs [20,23], graphs
with maximum degree 4 [2,3], 4-regular integral graphs [9], integral graphs which belong to the classes αKa,b
or αKa ∪ βKb,b [16,17], etc. Trees represent another important family of graphs for which the problem has been
considered in [1,5,6,10–15,22,24–27]. Some graph operations, which when applied on integral graphs produce again
integral graphs, are described in [10] or [8]. Other results on integral graphs can be found in [1,8]. For all other facts
or terminology on graph spectra, see [8].
A graph G in which one vertex u is distinguished from the rest is called a rooted graph. The distinguished vertex
u is called the root-vertex, or simply the root. Let r ∗G be the graph formed by joining the roots of r copies of G to a
I Supported by National Science Foundation of China, Natural Science Basic Research Plan in Shaanxi Province of China and the fund of the
Developing Program for Outstanding Persons in NPU.
∗ Corresponding author.
E-mail addresses: ligongwangnpu@yahoo.com.cn (L. Wang), lxl@nankai.edu.cn (X. Li).
0012-365X/$ - see front matter c© 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2007.12.010
6384 L. Wang et al. / Discrete Mathematics 308 (2008) 6383–6391
new vertex w. Let K1,r • G be the graph obtained by identifying the center z of K1,r and the root u of G. Two graphs
G and H are cospectral if P(G, x) = P(H, x). Let G ∪ H denote the union of two disjoint graphs G and H , and let
nG denote the disjoint union of n copies of G.
It is well known that the center Z(T ) of a tree T consists of either a central vertex, or a center edge, depending
on whether the diameter of T is even, or odd. If all the vertices at the same distance from the center Z(T ) are of the
same degree, then the tree T will be called balanced. Clearly, the structure of a balanced tree (without vertices of
degree 2) is determined by the parity of its diameter and the sequence (nk, nk−1, . . . , n1), where k is the radius of T
and n j (1 ≤ j ≤ k) denotes the number of successors of a vertex at distance k − j from the center Z(T ). In what
follows, ni (i = 1, 2, . . .) always stands for an integer ≥ 2. The balanced trees of diameter 2k will be encoded by the
sequence (nk, . . . , n1) or the tree T (nk, . . . , n1). We use T (1, nk, . . . , n1) or (1, nk, . . . , n1) to denote a tree obtained
by joining the center of the tree T (nk, . . . , n1) to a new vertex v. Let K1,s • T (nk, nk−1, . . . , n1) denote a tree of
diameter 2k, which is obtained by identifying the center z of K1,s and the center u of T (nk, nk−1, . . . , n1).
In this paper, some new families of integral graphs and integral trees are constructed by using some elementary
results in the number theory and using a computer search. These classes are infinite.
First, we shall give some lemmas on graphs. The following Lemmas 1.1–1.4 can be found in [25].
Lemma 1.1. P(r ∗ G, x) = Pr−1(G, x)[x P(G, x)− r P(G − u, x)], where u is the root of G.
Lemma 1.2. P(K1,r • G, x) = xr−1[x P(G, x)− r P(G − u, x)], where u is the root of G.
Lemma 1.3. (1) Let G1 = (r − 1)K1 ∪ r ∗ G, G2 = (r − 1)G ∪ [K1,r • G]. Then G1 and G2 are cospectral.
(2) Let G1 = (nk−1)K1∪T (nk, nk−1, . . . , n1), G2 = K1,nk•T (nk−1, nk−2, . . . , n1)∪(nk−1)T (nk−1, nk−2, . . . , n1).
Then G1 and G2 are cospectral forests.
Lemma 1.4. (1) If G and K1,r • G are integral graphs, then r ∗ G is integral.
(2) If G and r ∗ G are integral graphs, then K1,r • G is integral too.
Lemma 1.5. (1) [13] P[T (m, t), x] = xm(t−1)+1(x2 − t)m−1[x2 − (m + t)].
(2) [13] P[T (r,m, t), x] = xrm(t−1)+r−1(x2 − t)r(m−1)[x2 − (m + t)]r−1[x4 − (m + t + r)x2 + r t].
(3) [24] P(T (q, r,m, t), x) = xqrm(t−1)+q(r−1)+1(x2−t)qr(m−1)[x2−(m+t)]q(r−1)[x4−(m+t+r)x2+r t]q−1[x4−
(q + m + t + r)x2 + r t + q(m + t)].
(4) [25] P[T (s, q, r,m, t), x] = x sqrm(t−1)+sq(r−1)+s−1(x2− t)sqr(m−1)[x2− (m + t)]sq(r−1)[x4− (m + t + r)x2+
r t]s(q−1)[x4−(q+m+t+r)x2+r t+q(m+t)]s−1{x6−(s+q+m+t+r)x4+[r t+q(m+t)+s(m+t+r)]x2−rst}.
Lemma 1.6. (1) [22] P[K1,s • T (m, t), x] = xm(t−1)+s−1(x2 − t)m−1[x4 − (m + t + s)x2 + st].
(2) [22] P[K1,s•T (r,m, t), x] = xrm(t−1)+r+(s−1)(x2−t)r(m−1)[x2−(m+t)]r−1[x4−(m+t+r+s)x2+r t+s(m+t)].
(3) [25] P[K1,s • T (q, r,m, t), x] = xqrm(t−1)+q(r−1)+s−1(x2− t)qr(m−1)[x2− (m+ t)]q(r−1)[x4− (m+ t + r)x2+
r t]q−1{x6 − (s + q + m + t + r)x4 + [r t + q(m + t)+ s(m + t + r)]x2 − rst}.
Lemma 1.7 ([8]).
(1) P(K1,t , x) = x t−1(x2 − t).
(2) P(Kn, x) = (x + 1)n−1[x − (n − 1)].
(3) P(Km,n, x) = xm+n−2(x2 − mn).
In this work, the problem of finding integral graphs for some classes of graphs is reduced to the problem of finding
the general solutions of Pell’s equation x2 − dy2 = 1 and general Pell’s equation x2 − dy2 = m [7,18,19,28].
2. Integral graphs
In this section, we shall obtain some new families of integral graphs K1,r • Kn , r ∗ Kn , K1,r • Km,n and r ∗ Km,n .
Theorem 2.1. Let K1,r • Kn be the graph obtained by identifying the center w of K1,r and one vertex v of Kn .
Then the graph K1,r • Kn is integral if and only if x3 − (n − 2)x2 − (r + n − 1)x + r(n − 2) can be factorized as
(x − a)(x − b)(x + c), where a, b and c are nonnegative integers.
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Proof. Using Lemmas 1.2 and 1.7(2) we get
P(K1,r • Kn, x) = xr−1[x P(Kn, x)− r P(Kn−1, x)]
= xr−1(x + 1)n−2[x3 − (n − 2)x2 − (n + r − 1)x + r(n − 2)],
which completes the proof. 
Theorem 2.2. Let u ∈ V (Kn) be the root of Kn , and let r ∗ Kn be the graph obtained by joining the roots of r copies
of Kn to a new vertex w. Then the graph r ∗ Kn is integral if and only if x3 − (n − 2)x2 − (r + n − 1)x + r(n − 2)
can be factorized as (x − a)(x − b)(x + c), where a, b and c are nonnegative integers.
Proof. Using Lemmas 1.1 and 1.7(2) we get
P(r ∗ Kn, x) = Pr−1(Kn, x)[x P(Kn, x)− r P(Kn−1, x)]
= (x + 1)r(n−1)−1(x − n + 1)r−1[x3 − (n − 2)x2 − (n + r − 1)x + r(n − 2)],
which completes the proof. 
Corollary 2.3. (1) Let G1 = (r − 1)K1 ∪ r ∗ Kn , G2 = (r − 1)Kn ∪ [K1,r • Kn]. Then G1 and G2 are cospectral.
(2) The graph K1,r • Kn is integral if and only if the graph r ∗ Kn is integral.
(3) If r ∗Kn or K1,r •Kn is integral, then G1 = (r −1)K1∪r ∗Kn and G2 = (r −1)Kn ∪[K1,r •Kn] are cospectral
integral graphs.
Corollary 2.4. For any positive integer k, we have:
(1) If r = (k2 − 1)(4k2 − 1) and n = 2k2 + 1 then K1,r • Kn and r ∗ Kn are integral. In this case we have
a = (k − 1)(2k + 1), b = (k + 1)(2k − 1) and c = 2k2 − 1.
(2) If r = k2(4k2− 1) and n = 2k2 then K1,r • Kn and r ∗ Kn are integral. In this case we have a = (k− 1)(2k+ 1),
b = (k + 1)(2k − 1) and c = 2k2.
Corollary 2.5. For positive integers p and q, we have:
(1) If r = q2(p2 + 2), n = 2q2, and p, q are positive integral solutions of the Diophantine equation
p2 − 2q2 = −1, (1)
then K1,r • Kn and r ∗ Kn are integral.
(2) If r = 2pq(pq − 1) > 0, n = pq + 2, and p, q are positive integral solutions of Eq. (1), then K1,r • Kn and
r ∗ Kn are integral.
Proof. By Theorem 2.1 or Theorem 2.2, we know that K1,r • Kn or r ∗ Kn is integral if and only if x3 − (n − 2)x2 −
(r + n− 1)x + r(n− 2) can be factorized as (x − a)(x − b)(x + c), where a, b and c are nonnegative integers. Hence
K1,r • Kn or r ∗ Kn is integral if and only if the equationsa + b − c = n − 2,(a + b)c − ab = r + n − 1,abc = r(n − 2) (2)
have only integral roots.
(1) Assume that r = q2(p2 + 2), n = b = 2q2, a = pq − 1, c = pq + 1. Thus, when p2 − 2q2 = −1, we obtain
positive integral solutions of Eq. (2). Hence K1,r • Kn and r ∗ Kn are integral.
(2) Assume that r = 2pq(pq − 1), n = pq + 2, a = pq − 1, b = 2q2, c = 2q2 − 1. Thus, when p2 − 2q2 = −1,
we have given positive integral solutions of Eq. (2). Hence, by Theorems 2.1 and 2.2, K1,r • Kn and r ∗ Kn are
integral. 
Corollary 2.6. All positive integral solutions of Pell’s equation x2 − 2y2 = −1 can be given by xk = ρk+ρk2 , yk =
ρk−ρk
2
√
2
, for k = 1, 3, 5, . . . , where ρ = 1+√2, ρ = 1−√2. Then we have:
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Table 1
Integral graphs K1,r • Kn and r ∗ Kn
a b c r n a b c r n
63 80 66 4320 79 63 80 78 6048 67
(1) For r = y22k−1(x22k−1 + 2), n = 2y22k−1, k = 1, 2, . . . , the graphs K1,r • Kn and r ∗ Kn are integral.
(2) For r = 2x2k−1y2k−1(x2k−1y2k−1 − 1), n = x2k−1y2k−1 + 2, k = 1, 2, . . . , the graphs K1,r • Kn and r ∗ Kn are
integral.
Corollary 2.7. Let a, b, c, r , n be those positive integers as in Theorem 2.1 or Theorem 2.2, and given in Table 1.
Then K1,r • Kn and r ∗ Kn are integral. (Here a, b, c, r and n are obtained by computer search, and 1 ≤ a ≤ 120,
a ≤ b ≤ a + 40, 1 ≤ c ≤ a + b, and they are different from those of Corollaries 2.4–2.6).
In view of Theorems 2.1 and 2.2 and Corollaries 2.4–2.7, we raise the following question.
Question 2.8. What are all the nonnegative integral solutions for Eq. (2)?
A complete bipartite graph K p1,p2 is a graph with vertex set V such that V = V1 ∪ V2, V1 ∩ V2 = ∅, where the two
vertex classes V1, V2 are nonempty disjoint sets, |Vi | = pi for i = 1, 2, and such that two vertices in V are adjacent
if and only if they belong to different classes.
Theorem 2.9. Let Km,n be a complete bipartite graph with vertex classes V1 = {ui |i = 1, 2, . . . ,m}, V2 = {vi |i =
1, 2, . . . , n}, let K1,r • Km,n be the graph obtained by identifying the center w of K1,r and the vertex u1 of Km,n .
Then K1,r • Km,n is integral if and only if x4 − (mn + r)x2 + rn(m − 1) can be factorized as (x2 − a2)(x2 − b2),
where a and b are integers.
Proof. Using Lemma 1.2 and Lemma 1.7(3) we get
P(K1,r • Km,n, x) = xr−1[x P(Km,n, x)− r P(Km−1,n, x)]
= xm+n+r−4[x4 − (mn + r)x2 + rn(m − 1)],
which completes the proof. 
Corollary 2.10. If K1,r • Km,n is integral, then for any positive integer s the graph K1,rs2 • Km,ns2 is integral too.
Proof. Using Theorem 2.9 we get
P(K1,rs2 • Km,ns2 , x) = xm+ns
2+rs2−4[x4 − (mn + r)s2x2 + rn(m − 1)s4]
= xm+ns2+rs2−4[x2 − (as)2][x2 − (bs)2],
which completes the proof. 
Theorem 2.11. Let Km,n be a complete bipartite graph with vertex classes V1 = {ui |i = 1, 2, . . . ,m}, V2 = {vi |i =
1, 2, . . . , n}, let u1 ∈ V1 be the root of Km,n , let r ∗ Km,n be the graph obtained by joining the roots of r copies of
Km,n to a new vertexw. Then r∗Km,n is integral if and only if mn is a perfect square, and x4−(mn+r)x2+rn(m−1)
can be factorized as (x2 − a2)(x2 − b2), where a and b are integers.
Proof. Using Lemma 1.1 and Lemma 1.7(3) we get
P(r ∗ Km,n, x) = Pr−1(Km,n, x)[x P(Km,n, x)− r P(Km−1,n, x)]
= xr(m+n−2)−1(x2 − mn)r−1[x4 − (mn + r)x2 + rn(m − 1)],
and the theorem is proved. 
Corollary 2.12. If r ∗ Km,n is integral, and r > 1, then for any positive integer s the graph (rs2) ∗ Km,ns2 is integral
too.
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Proof. Using Theorem 2.11 we get
P[(rs2) ∗ Km,ns2 , x] = xrs
2(m+ns2−2)−1(x2 − mns2)rs2−1[x4 − (mn + r)s2x2 + rn(m − 1)s4],
which completes the proof. 
Corollary 2.13. (1) Let G1 = (r − 1)K1 ∪ r ∗ Km,n , G2 = (r − 1)Km,n ∪ [K1,r • Km,n]. Then G1 and G2 are
cospectral.
(2) If K1,r • Km,n and Km,n are integral, then r ∗ Km,n is integral too.
(3) If r ∗ Km,n is integral, then K1,r • Km,n is integral too.
(4) If r ∗ Km,n is integral or K1,r • Km,n and Km,n are integral, then G1 = (r − 1)K1 ∪ r ∗ Km,n and G2 = (r − 1)
Km,n ∪ [K1,r • Km,n] are cospectral integral graphs.
Corollary 2.14. Let a, b, r , m and n be positive integers as in Theorem 2.9 or Theorem 2.11. Then for any integer s
the graph K1,rs2 • Km,ns2 is integral if a, b, r , m, t are given by one of the following cases where k, p, q are positive
integers:
In particular, if mn is a perfect square, then in these cases the graph (rs2) ∗ Km,ns2 is integral too.
(1) a = k, b = k2 + 1, r = k2 + 1, m = k2 + 2 and n = k2,
(2) a = k2, b = k2 + k, r = k3(k + 1), m = k2 + k + 1 and n = k2,
(3) a = k2 − k, b = k2, r = k3(k − 1), m = k2 − k + 1 and n = k2, where k > 1,
(4) a = k, b = 2k, r = 2k2, m = 3 and n = k2,
(5) a = (k2 + 1)(k2 + 2), b = k(k2 + 2), r = k2(k2 + 2)3, m = k2 + 2 and n = (k2 + 2)(k2 + 1),
(6) a = k(k2 + k + 1), b = (k + 1)(k2 + k + 1), r = (k2 + k + 1)3, m = k2 + k + 1 and n = k(k + 1)(k2 + k + 1),
(7) a = pq, b = (p2 + 1)q, r = (p2 + 1)q2, m = p2 + 2 and n = p2q2,
(8) a = p(p2 + 2), b = (p2 + 2)(p2 + 1), r = p2(p2 + 2)3, m = p2 + 2 and n = (p2 + 2)(p2 + 1),
(9) a = 2q, b = 2p, r = 2p2, m = 2p2 − 1 and n = 2, where p2 − 2q2 = 1,
(10) a = 2q, b = 2p, r = 8q2, m = p2 + 1 and n = 2, where p2 − 2q2 = 1,
(11) a = p, b = 2q, r = 2q2, m = 4q2 − 1 and n = 1, where p2 − 2q2 = −1,
(12) a = p, b = 2q, r = 2p2, m = 2q2 + 1 and n = 1, where p2 − 2q2 = −1,
(13) a = 3q, b = 2p, r = 3p2, m = 12q2 + 1 and n = 1, where p2 − 3q2 = 1,
(14) a = 3q, b = 2p, r = 12q2, m = 3p2 + 1 and n = 1, where p2 − 3q2 = 1,
(15) a = 2q, b = 3p, r = 6p2, m = 6q2 + 1 and n = 1, where 3p2 − 2q2 = 1,
(16) a = 2q, b = 3p, r = 6q2, m = 6p2 + 1 and n = 1, where 3p2 − 2q2 = 1,
(17) a = q2 − 1, b = pq, r = (q2 − 1)q2, m = p2 + 1 and n = q2 − 1, where p2 − 2q2 = −2,
(18) a = q2 − 1, b = pq, r = (q2 − 1)p2, m = q2 + 1 and n = q2 − 1, where p2 − 2q2 = −2,
(19) a = q(q2 + 1), b = p(q2 + 1), r = (q2 + 1)3, m = 2(q2 + 1) and n = q2(q2 + 1), where p2 − 2q2 = 1,
(20) a = p, b = 2q, r = 2q2, m = 2q2 − 1 and n = 2, where p2 − 2q2 = −2.
Proof. We only prove (2), the other cases can be proved similarly. By Theorem 2.9, the graph K1,r • Km,n is integral
if and only if x4 − (mn + r)x2 + rn(m − 1) can be factorized as (x2 − a2)(x2 − b2), where a and b are integers.
Hence K1,r • Km,n is integral if and only if the equations{
a2 + b2 = mn + r,
a2b2 = rn(m − 1) (3)
have only integral roots. Choosing a = k2, b = k2 + k, r = k3(k + 1), m = k2 + k + 1 and n = k2, where k is a
positive integer, we can check that they are an integral solution of Eq. (3). Hence, by Theorem 2.9 and Corollary 2.10,
K1,rs2 •Km,ns2 is integral. By Theorem 2.11 and Corollary 2.12, if mn is a perfect square, then the graph (rs2)∗Km,ns2
is integral too. Thus this corollary is proved. 
Let the tree T [m, r ] of diameter 3 be formed by joining the centers of K1,m and K1,r with a new edge. We note
that T [m, r ] is a tree of diameter 3.
Corollary 2.15 ([5,27]). For any positive integer t , we have:
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Table 2
Integral graphs K1,rs2 • Km,ns2
a b r m n a b r m n a b r m n
4 15 25 3 72 6 10 40 16 6 7 20 50 57 7
9 14 189 22 4 12 15 150 73 3 12 15 216 51 3
12 17 153 35 8 12 20 384 16 10 12 21 147 73 6
14 30 200 64 14 14 33 1078 23 9 15 18 243 51 6
15 20 250 25 15 15 20 375 25 10 20 26 416 66 10
20 27 405 181 4 21 24 567 225 2 21 26 637 40 12
21 32 448 113 9 22 25 605 126 4 22 30 880 56 9
24 35 1176 25 25 25 42 1750 71 9 28 30 800 442 2
28 30 882 401 2 28 33 847 57 18 28 33 1078 265 3
30 35 1125 50 20 30 37 925 112 12 / / / / /
(1) When r = m − 1 = t (t + 1) and n = 1, then the tree K1,r • Km,n = T [r,m − 1] is integral. In this case a = t
and b = t + 1.
(2) When 1 ≤ r < m − 1, n = 1, and (r,m − 1) = d the following holds.
(i) If d is a perfect square, then K1,r • Km,n = T [r,m − 1] = K1,m−1 • Kr+1,n = T [m − 1, r ] is not an integral
tree.
(ii) If d is a positive integer but not a perfect square, then all integral trees K1,r • Km,n = T [r,m − 1] =
K1,m−1 • Kr+1,n = T [m − 1, r ] (where 1 ≤ r < m − 1, n = 1) are given by
r = d
(
yk − yl
2
)2
, m = 1+ d
(
yk + yl
2
)2
, n = 1, k > l > 0,
where yk, yl are odd or even, and yk, yl ∈ {yp|y0 = 0, y1 = b1, yp+2 = 2a1yp+1 − yp, (p ≥ 0)}, and
ε = a1 + b1
√
d is the fundamental solution of Pell’s equation
x2 − dy2 = 1. (4)
In this case a = (xk − xl)/2 and b = (xk + xl)/2, k > l > 0, where x p = (ε p + ε p)/2, ε = a1 − b1
√
d,
p > 0.
Corollary 2.16. For positive integers t and s, we have:
(1) When n = 1, r = m − 1 = t (t + 1), then K1,rs2 • Km,ns2 is an integral graph.
(2) When n = 1, 1 ≤ r < m − 1, (r,m − 1) = d, then we have the following results.
(i) If d is a perfect square, then K1,rs2 • Km,ns2 and K1,(m−1)s2 • Kr+1,ns2 are not integral graphs.
(ii) If d is a positive integer but not a perfect square, let r = d( yk−yl2 )2,m = 1 + d( yk+yl2 )2, k > l > 0, where
yk, yl are odd or even, and yk, yl ∈ {yp|y0 = 0, y1 = b1, yp+2 = 2a1yp+1 − yp, (p ≥ 0)}, and a1 + b1
√
d
is the fundamental solution of Eq. (4), then K1,rs2 • Km,ns2 and K1,(m−1)s2 • Kr+1,ns2 are integral graphs.
Corollary 2.17. Let a, b, r , m and n be positive integers as in Theorem 2.9, and given in Table 2, then for any positive
integer s the graph K1,rs2 • Km,ns2 is an integral graph. (Table 2 is obtained by computer search, where 1 ≤ a ≤ 30,
a ≤ b ≤ a + 20, and they are not those of Corollaries 2.14–2.16).
Question 2.18. What are all the positive integral solutions for Eq. (3)?
3. Integral trees
In this section, we shall mainly give some new classes of integral trees K1,s •T (q, r,m, t)with diameter 8, different
from [11,12,24,26]. Integral trees T (q, r,m, t) of diameter 8 have been investigated in [1,11,12,14,24–26]. In [25], we
derived the characteristic polynomials of the trees T (s, q, r,m, t) of diameter 10 and K1,s • T (q, r,m, t) of diameter
8. But we did not find such integral trees. Hı´c and Pokorny´ found an infinite class of integral trees T (s, q, r,m, t)
of diameter 10 in [12]. Here we present some new results which treat interrelations between integral trees of various
diameters. Integral trees K1,s • T (q, r,m, t) of diameter 8 are found for the first time.
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Theorem 3.1. The tree T (s, q, r,m, t) of diameter 10 (where s, q, r,m > 1) is integral if and only if t and m + t are
perfect squares, x4−(m+ t+r)x2+r t can be factorized as (x2−a2)(x2−b2), x4−(q+m+ t+r)x2+r t+q(m+ t)
can be factorized as (x2 − c2)(x2 − d2), and x6 − (s + q +m + t + r)x4 + [r t + q(m + t)+ s(m + t + r)]x2 − rst
can be factorized as (x2 − e2)(x2 − f 2)(x2 − g2), where a, b, c, d, e, f and g are integers.
Proof. Using Lemma 1.5(4) we obtain the statement. 
Similarly, from Lemma 1.6(3) we obtain
Theorem 3.2. The tree K1,s • T (q, r,m, t) of diameter 8 (where q, r,m > 1) is integral if and only if both
t and m + t are perfect squares, x4 − (m + t + r)x2 + r t can be factorized as (x2 − a2)(x2 − b2), and
x6− (s+q+m+ t+r)x4+[r t+q(m+ t)+ s(m+ t+r)]x2−rst can be factorized as (x2− c2)(x2−d2)(x2− e2),
where a, b, c, d and e are integers.
Corollary 3.3. The tree K1,s • T (q, r,m, t) of diameter 8 (where q, r,m > 1) is integral if and only if both t = k2,
m = n2 + 2nk, r = a2b2
k2
, q = c2 + d2 + e2 − a2 − b2 − c2d2e2
a2b2
> 0, s = c2d2e2
a2b2
, where a, b, c, d, e, k and
n are positive integers satisfying (k2 − b2)(a2 − k2) = k2(n2 + 2nk) and a2b2(c2d2 + d2e2 + e2c2 − a2b2) =
a2b2(n + k)2(c2 + d2 + e2 − a2 − b2)+ c2d2e2[a2 + b2 − (n + k)2], where a < k < b.
Theorem 3.4. Let ni be positive integers, i = 1, 2, . . . , k, where k is any positive integer. Then for any positive integer
n the following holds.
(1) If the tree T (nk, nk−1, . . . , n1) of diameter 2k is integral, and ni > 1, i = 2, 3, . . . , k, then the trees
T (n jn2, n j−1n2, . . . , n1n2) (where 1 ≤ j ≤ k, see [11]), K1,n jn2 • T (n j−1n2, n j−2n2, . . . , n1n2)(2 ≤ j ≤ k)
and T (n j−1n2, n j−2n2, . . . , n1n2)(2 ≤ j ≤ k) are integral trees with diameters 2 j , 2( j − 1) and 2( j − 1),
respectively.
(2) If the trees T (nk−1, nk−2, . . . , n1) of diameter 2(k−1) and K1,nk •T (nk−1, nk−2, . . . , n1) of diameter 2(k−1) are
integral, then the tree T (nk, nk−1, . . . , n1) of diameter 2k is integral. Furthermore, if ni > 1, i = 2, 3, . . . , k−1,
then the tree T (nkn2, nk−1n2, . . . , n1n2) of diameter 2k is integral.
(3) If the trees T (nk−1, nk−2, . . . , n1) of diameter 2(k − 1) and T (nk, nk−1, . . . , n1) = nk ∗ T (nk−1, nk−2, . . . , n1)
of diameter 2k are integral, then the tree K1,nk • T (nk−1, nk−2, . . . , n1) of diameter 2(k − 1) is integral.
Proof. (1) Because T (nk, nk−1, . . . , n1) is integral, n1 and ni (>1) are positive integers for i = 2, 3, . . . , k, by
Corollary 3.4 and Theorem 3.5 of [11], we find that T (n jn2, n j−1n2, . . . , n1n2) (2 ≤ j ≤ k) is integral for any
positive integer n.
By Lemma 1.3, we know that for any positive integer n the graphs G1 = (n jn2 − 1)K1 ∪
T (n jn2, n j−1n2, . . . , n1n2) and G2 = K1,n jn2 • T (n j−1n2, n j−2n2, . . . , n1n2)∪ (n jn2 − 1)T (n j−1n2, n j−2n2, . . . ,
n1n2) (2 ≤ j ≤ k) are cospectral forests. Since T (n jn2, n j−1n2, . . . , n1n2) (2 ≤ j ≤ k) is integral, it follows that
both K1,n jn2 • T (n j−1n2, n j−2n2, . . . , n1n2) and T (n j−1n2, n j−2n2, . . . , n1n2) (2 ≤ j ≤ k) are integral trees of
diameter 2( j − 1).
(2) and (3) are proven similarly using Lemmas 1.3 and 1.4. 
Theorem 3.5. Let s, q, r , m, t be positive integers, then for any positive integer n the following holds.
(1) If the tree T (s, q, r,m, t) of diameter 10 is integral, and s, q, r , m > 1, then the trees T (sn2, qn2, rn2,
mn2, tn2), T (qn2, rn2,mn2, tn2), K1,sn2 • T (qn2, rn2,mn2, tn2), T (rn2,mn2, tn2), K1,qn2 • T (rn2,mn2, tn2),
T (mn2, tn2), K1,rn2 • T (mn2, tn2), K1,mn2 • T (tn2) = K1,(m+t)n2 and T (tn2) = K1,tn2 are integral trees with
diameters 10, 8, 8, 6, 6, 4, 4, 2, 2, respectively.
(2) If the tree K1,s • T (q, r,m, t) of diameter 8 is integral, and q, r , m > 1, then the trees K1,sn2 • T (qn2, rn2,
mn2, tn2), T (rn2,mn2, tn2), T (mn2, tn2), K1,rn2 • T (mn2, tn2), K1,mn2 • T (tn2) = K1,(m+t)n2 and T (tn2) =
K1,tn2 are integral trees with diameters 8, 6, 4, 4, 2, 2, respectively.
(3) If the trees T (q, r,m, t) of diameter 8 and K1,s • T (q, r,m, t) of diameter 8 are integral, then the
tree T (s, q, r,m, t) of diameter 10 is an integral tree. Furthermore, if q, r , m > 1, then the tree
T (sn2, qn2, rn2,mn2, tn2) of diameter 10 is an integral tree.
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Table 3
Integral trees K1,sn2 • T (qn2, rn2,mn2, tn2), T (rn2,mn2, tn2), T (mn2, tn2), K1,rn2 • T (mn2, tn2), K1,mn2 • T (tn2) = K1,(m+t)n2 and
T (tn2) = K1,tn2
a b c d e s q r m t
2 9 1 7 18 49 240 36 40 9
3 14 1 13 42 169 1 560 36 120 49
3 14 2 13 21 169 240 36 120 49
3 16 1 11 48 121 2 040 144 105 16
3 16 2 11 24 121 315 144 105 16
4 18 1 14 72 196 4 845 144 160 36
4 18 2 14 36 196 960 144 160 36
4 18 3 14 24 196 245 144 160 36
5 14 1 10 21 9 312 100 72 49
5 14 1 11 70 121 4 680 100 72 49
5 14 2 11 35 121 1 008 100 72 49
7 26 1 23 182 529 32 400 196 360 169
7 26 2 23 91 529 7 560 196 360 169
(4) If the trees T (q, r,m, t) of diameter 8 and T (s, q, r,m, t) of diameter 10 are integral, then the tree K1,s •
T (q, r,m, t) of diameter 8 is an integral tree.
Proof. (1), (3) and (4) follow from Theorem 3.4. For (2) we only prove the tree K1,sn2 • T (qn2, rn2,mn2, tn2) is an
integral tree of diameter 8, where q, r , m > 1.
Using Lemma 1.6 (3) or Theorem 3.2 we get
P[K1,sn2 • T (qn2, rn2,mn2, tn2), x] = xqrm(tn
2−1)n6+q(rn2−1)n2+sn2−1
× (x2 − tn2)qr(mn2−1)n4 [x2 − (m + t)n2]q(rn2−1)n2 [x4 − (m + t + r)n2x2 + r tn4]qn2−1
×{x6 − (s + q + m + t + r)n2x4 + [r t + q(m + t)+ s(m + t + r)]n4x2 − rstn6},
which provides the proof of the first result of (2). Thus the tree K1,sn2 • T (qn2, rn2,mn2, tn2) is integral. In a similar
way we can prove the other results of (2). 
Corollary 3.6 ([12]). Let s = 3006 756, q = 1051 960, r = 751 689, m = 283 360 and t = 133 956. Then for
any positive integer n the tree T (sn2, qn2, rn2,mn2, tn2) of diameter 10 is an integral balanced rooted tree, and its
spectrum Spec(T ) = {0,±289n;±306n,±366n,±527n,±646n,±918n,±1037n,±1394n,±2074n}.
Corollary 3.7. Let s = 3006 756, q = 1051 960, r = 751 689, m = 283 360 and t = 133 956. Then for
any positive integer n the trees T (sn2, qn2, rn2,mn2, tn2), T (qn2, rn2,mn2, tn2), K1,sn2 • T (qn2, rn2,mn2, tn2),
T (rn2,mn2, tn2), K1,qn2 • T (rn2,mn2, tn2), K1,rn2 • T (mn2, tn2), T (mn2, tn2), K1,mn2 • T (tn2) = K1,(m+t)n2 and
T (tn2) = K1,tn2 are integral trees with diameters 10, 8, 8, 6, 6, 4, 4, 2 and 2, respectively.
Corollary 3.8. Let a, b, c, d, e, s, q (>1), r (>1), m (>1), t be positive integers as in Theorem 3.2, given in Table 3.
Then for any positive integer n the trees K1,sn2 • T (qn2, rn2,mn2, tn2), T (rn2,mn2, tn2), T (mn2, tn2), K1,rn2 •
T (mn2, tn2), K1,mn2 •T (tn2) = K1,(m+t)n2 and T (tn2) = K1,tn2 are integral trees with diameters 8, 6, 4, 4, 2 and 2,
respectively. (Table 3 is obtained by computer search, where 1 ≤ a ≤ 7, a ≤ b ≤ a+20, 1 ≤ c ≤ a, a ≤ d ≤ 5a+1,
d ≤ e ≤ 10d + 3.)
Analyzing Table 3, we can see that all its rows except the row (s, q, r,m, t) = (9, 312, 100, 72, 49) have the
following properties: t = k2, s = d2 = m + t , a2b2 = c2e2 = r t , where a, b, c, d , e, k, s, q, r , m and t are positive
integers. This observation leads to.
Corollary 3.9. Let t = k2, m = d2−k2 > 1, r = a2b2
k2
, q = c2+e2−a2−b2 > 1 and s = d2, where a, b, c, d, e and
k are positive integers satisfying a2b2 = c2e2 and (a2+b2)k2 = a2b2+d2k2. Then for any positive integer n the trees
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K1,sn2 •T (qn2, rn2,mn2, tn2), T (rn2,mn2, tn2), K1,rn2 •T (mn2, tn2), T (mn2, tn2), K1,mn2 •T (tn2) = K1,(m+t)n2
and T (tn2) = K1,tn2 are integral trees with diameters 8, 6, 4, 4, 2 and 2, respectively.
In view of Theorems 3.2 and 3.5 and Lemmas 1.5–1.7, the following conjecture is true for k = 3, 4, 5, Hence we
are led to:
Conjecture 3.10. For any positive integers k and n, if the tree K1,nk • T (nk−1, nk−2, . . . , n1) of diameter 2(k − 1) is
integral, and ni > 1 for i = 2, 3, . . . , k−1, then the trees K1,nkn2•T (nk−1n2, nk−2n2, . . . , n1n2) of diameter 2(k−1),
K1,n j−2n2 •T (n j−3n2, n j−4n2, . . . , n1n2) of diameter 2( j−3) (where 4 ≤ j ≤ k) and T (n j−2n2, n j−3n2, . . . , n1n2)
of diameter 2( j − 2) (where 3 ≤ j ≤ k) are integral too.
In [1,5,6,10–15,22,24–27] and in the present paper, we found integral trees T (nk, nk−1, . . . , n1) of diameter 2k
and integral trees K1,nk • T (nk−1, nk−2, . . . , n1) of diameter 2(k − 1) for positive integer k ≤ 5.
Question 3.11. Are there integral trees K1,nk • T (nk−1, nk−2, . . . , n1) of diameter 2(k − 1) and T (nk, nk−1, . . . , n1)
of diameter 2k for arbitrary large integer k?
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